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We present a complete local dynamics and investigate the global dynamics of the following second-order difference equation:
𝑥
𝑛+1
= (𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
+ 𝐹)/(𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓), 𝑛 = 0, 1, 2, . . ., where the parameters 𝐴, 𝐸, 𝐹, 𝑎, 𝑒, and 𝑓 are nonnegative numbers
with condition 𝐴 + 𝐸 + 𝐹 > 0, 𝑎 + 𝑒 + 𝑓 > 0, and the initial conditions 𝑥
−1
, 𝑥
0
are arbitrary nonnegative numbers such that
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓 > 0, 𝑛 = 0, 1, 2, . . . .
1. Introduction and Preliminaries
In this paper we investigate the local and global dynamics of
the following difference equation:
𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
, 𝑛 = 0, 1, 2, . . . , (1)
where the parameters 𝐴, 𝐸, 𝐹, 𝑎, 𝑒, and 𝑓 are nonnegative
numbers with condition𝐴+𝐸+𝐹 > 0, 𝑎 + 𝑒 +𝑓 > 0, and the
initial conditions 𝑥
−1
, 𝑥
0
are arbitrary nonnegative numbers
such that 𝑎𝑥2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓 > 0, 𝑛 = 0, 1, 2, . . . .The change of
variable 𝑥
𝑛
= 1/𝑢
𝑛
transforms (1) to the following difference
equation:
𝑢
𝑛+1
=
𝑓𝑢
2
𝑛
𝑢
𝑛−1
+ 𝑒𝑢
2
𝑛
+ 𝑎𝑢
𝑛−1
𝐹𝑢
2
𝑛
𝑢
𝑛−1
+ 𝐸𝑢
2
𝑛
+ 𝐴𝑢
𝑛−1
, 𝑛 = 0, 1, . . . , (2)
where we assume that 𝐹+𝐸+𝐴 > 0 and that the nonnegative
initial conditions𝑢
−1
,𝑢
0
are such that𝐹𝑢2
𝑛
𝑢
𝑛−1
+𝐸𝑢
2
𝑛
+𝐴𝑢
𝑛−1
>
0 for all 𝑛 ≥ 0. Thus the results of this paper extend to (2).
Equation (1) is the special case of a general second-order
quadratic fractional equation of the form
𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐵𝑥
𝑛
𝑥
𝑛−1
+ 𝐶𝑥
2
𝑛−1
+ 𝐷𝑥
𝑛
+ 𝐸𝑥
𝑛−1
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑏𝑥
𝑛
𝑥
𝑛−1
+ 𝑐𝑥
2
𝑛−1
+ 𝑑𝑥
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
,
𝑛 = 0, 1, 2, . . . ,
(3)
with nonnegative parameters and initial conditions such that
𝐴 + 𝐵 + 𝐶 > 0, 𝑎 + 𝑏 + 𝑐 + 𝑑 + 𝑒 + 𝑓 > 0, and 𝑎𝑥2
𝑛
+ 𝑏𝑥
𝑛
𝑥
𝑛−1
+
𝑐𝑥
2
𝑛−1
+ 𝑑𝑥
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓 > 0, 𝑛 = 0, 1, . . . .
Some special cases of (1) were investigated in [1], where
special case𝐴 = 𝑎 = 0, known as Riccati’s equation, was thor-
oughly investigated and its global dynamics was completely
described. In fact, this is one of very few nonlinear difference
equations whose solution can be explicitly found. As it was
shown in [1] such equation can exhibit the whole range of
different global behaviors such as global asymptotic stability
of the equilibrium, global periodicity (i.e., all solutions are
periodic with the same period), and chaos. To avoid this case
we assume that 𝐴 + 𝑎 > 0. Furthermore, the special case 𝐸 =
𝑒 = 0 is the first-order difference equation whose dynamics
is well known and follows from Theorem C.3, page 484 in
[2]. Consequently, we will assume that 𝐸 + 𝑒 > 0. Finally,
the special case 𝑎 = 𝑒 = 0, known as the Henon difference
equation [3], was completely solved in [4], where the basins
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of attraction of all equilibrium points and the point at infinity
were found and global dynamics was described in full detail.
So, in this paper we assume that 𝑎 + 𝑒 > 0.
The first systematic study of global dynamics of a special
quadratic fractional case of (3) where 𝐴 = 𝐶 = 𝐷 = 𝑎 =
𝑐 = 𝑑 = 0 was performed in [5, 6]. Dynamics of some related
quadratic fractional difference equations was considered in
the papers [7–17]. In this paper we will perform the local
stability analysis of all three equilibrium points of (1) and
we will give the necessary and sufficient conditions for the
equilibrium to be locally asymptotically stable, a saddle point,
a repeller, or a nonhyperbolic equilibrium.The local stability
analysis indicates that some possible dynamics scenarios for
(1) include period doubling bifurcations, as in the case of
equation
𝑥
𝑛+1
=
𝑥
𝑛−1
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
, 𝑛 = 0, 1, 2, . . . , (4)
considered in [18]. Another possible behavior is chaos as in
the case of equation
𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐹
𝑥
𝑛−1
, 𝑛 = 0, 1, 2, . . . , (5)
considered in [19]. Our local stability analysis will exclude the
possibility of Neimark-Sacker bifurcation.
The paper is organized as follows. The rest of this section
contains some global attractivity results which will be used
in Section 4 to obtain global asymptotic stability results for
some special cases of (1). Section 2 gives local stability analysis
of all three equilibriumpoints when𝐹 > 0 and Section 3 gives
local stability analysis of all equilibrium points when 𝐹 =
0. Finally, Section 4 gives some global attractivity results in
some special cases. The global attractivity and global stability
results that will be used in Section 4 are Theorems 1.4.5 and
1.4.7 from [1] and four results that follow.
The global attractivity results obtained specifically for
complicated cases of (3), whenmany terms in numerator and
denominator are present, are the following theorems [20].
Theorem 1. Assume that (3) has the unique equilibrium 𝑥. If
the condition
(|𝐴 − 𝑎𝑥| + |𝐵 − 𝑏𝑥| + |𝐶 − 𝑐𝑥|) (𝑈 + 𝑥) + |𝐷 − 𝑑𝑥| + |𝐸 − 𝑒𝑥|
(𝑎 + 𝑏 + 𝑐) 𝐿
2
+ (𝑑 + 𝑒) 𝐿 + 𝑓
< 1
(6)
holds, where 𝐿 and 𝑈 are lower and upper bounds of all
solutions of (3), then 𝑥 is globally asymptotically stable.
Theorem 2. Assume that (3) has the unique equilibrium 𝑥. If
the condition
(|𝐴 − 𝑎𝑥| + |𝐵 − 𝑏𝑥| + |𝐶 − 𝑐𝑥|) (𝑀 + 𝑥) + |𝐷 − 𝑑𝑥|
+ |𝐸 − 𝑒𝑥| < (𝑎 + 𝑏 + 𝑐)𝑚
2
+ (𝑑 + 𝑒)𝑚 + 𝑓
(7)
holds, where 𝑚 = min{𝑥, 𝑥
−1
, 𝑥
0
} and 𝑀 = max{𝑥, 𝑥
−1
, 𝑥
0
}
are lower and upper bounds of specific solution of (3), then 𝑥 is
globally asymptotically stable on the interval [𝑚,𝑀].
In the case of (1) Theorems 1 and 2 give the following
special results.
Corollary 3. If the condition
|𝐴 − 𝑎𝑥| (𝑈 + 𝑥) + |𝐸 − 𝑒𝑥|
𝑎𝐿
2
+ 𝑒𝐿 + 𝑓
< 1 (8)
holds, where 𝐿 and 𝑈 are lower and upper bounds of all solu-
tions of (1), then 𝑥 is globally asymptotically stable.
Corollary 4. If the condition
|𝐴 − 𝑎𝑥| (𝑀 + 𝑥) + |𝐸 − 𝑒𝑥| < 𝑎𝑚
2
+ 𝑒𝑚 + 𝑓 (9)
holds, where 𝑚 = min{𝑥, 𝑥
−1
, 𝑥
0
} and 𝑀 = max{𝑥, 𝑥
−1
, 𝑥
0
}
are lower and upper bounds of specific solution of (1), then 𝑥 is
globally asymptotically stable on the interval [𝑚,𝑀].
2. Case 𝐹> 0
This section gives complete local stability analysis for all
equilibrium points (up to three) of (1) when 𝐹 > 0.
2.1. Equilibrium Points. Equilibrium points of (1) are the
positive solutions of the equation
𝑥 =
𝐴𝑥
2
+ 𝐸𝑥 + 𝐹
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
(10)
or equivalently
𝑎𝑥
3
+ (𝑒 − 𝐴) 𝑥
2
+ (𝑓 − 𝐸) 𝑥 − 𝐹 = 0. (11)
Theorem 5. (a) Equation (1) has a unique equilibrium point if
one of the following conditions holds:
(1) (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸) and [𝐴 < 𝑒 or (𝐴 > 𝑒, 𝑓 ≤ 𝐸)];
(2) (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸), 𝐴 > 𝑒, 𝑓 > 𝐸, and
(𝑓 − 𝐸)
2
[4𝑎 (𝑓 − 𝐸) − (𝑒 − 𝐴)
2
]
+ 𝐹 (𝐴 − 𝑒) [4 (𝐴 − 𝑒)
2
− 18𝑎 (𝑓 − 𝐸)]
+ 27𝑎
2
𝐹
2
> 0;
(12)
(3) (𝐴 − 𝑒)2 ≤ 3𝑎(𝑓 − 𝐸);
(4) 𝐴 = 𝑒.
See Figures 1–3.
(b) Equation (1) has two equilibrium points if (𝐴 − 𝑒)2 >
3𝑎(𝑓 − 𝐸), 𝐴 > 𝑒, 𝑓 > 𝐸, and
𝐹 = −
2
27𝑎
2
(𝐴 − 𝑒)
2
⋅ (𝐴 − 𝑒 − √(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓))
−
1
9𝑎
(𝑓 − 𝐸)
⋅ [3 (𝑒 − 𝐴) + 2√(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓)]
(13)
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x−
x+
x
−F
(a)
x− x+
x
−F
(b)
x− x+
x
−F
(c)
Figure 1
or
𝐹 = −
2
27𝑎
2
(𝐴 − 𝑒)
2
⋅ (𝐴 − 𝑒 + √(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓))
+
1
9𝑎
(𝑓 − 𝐸)
⋅ [3 (𝐴 − 𝑒) + 2√(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓)] .
(14)
See Figures 4(a) and 4(b).
(c) Equation (1) has three equilibrium points if (𝐴 − 𝑒)2 >
3𝑎(𝑓 − 𝐸), 𝐴 > 𝑒, 𝑓 > 𝐸, and
(𝑓 − 𝐸)
2
[4𝑎 (𝑓 − 𝐸) − (𝑒 − 𝐴)
2
]
+ 𝐹 (𝐴 − 𝑒) [4 (𝐴 − 𝑒)
2
− 18𝑎 (𝑓 − 𝐸)]
+ 27𝑎
2
𝐹
2
< 0.
(15)
See Figure 4(c).
Proof. Denote by
𝐺 (𝑥) = 𝑎𝑥
3
+ (𝑒 − 𝐴) 𝑥
2
+ (𝑓 − 𝐸) 𝑥 − 𝐹. (16)
It is easy to see that 𝐺(−∞) = −∞, 𝐺(∞) = ∞, 𝐺(0) = −𝐹,
and
𝐺
󸀠
(𝑥) = 3𝑎𝑥
2
+ 2 (𝑒 − 𝐴) 𝑥 + 𝑓 − 𝐸. (17)
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x− x+
x
−F
(a)
x− x+x
−F
(b)
Figure 2
x
−F
(a)
x
−F
(b)
Figure 3
The critical points of 𝐺 satisfy
𝐺
󸀠
(𝑥) = 0 ⇐⇒ 3𝑎𝑥
2
+ 2 (𝑒 − 𝐴) 𝑥 + 𝑓 − 𝐸 = 0 (18)
and are given as
𝑥
±
=
𝐴 − 𝑒 ± √(𝑒 − 𝐴)
2
− 3𝑎 (𝑓 − 𝐸)
3𝑎
,
if (𝐴 − 𝑒)2 > 3𝑎 (𝑓 − 𝐸) .
(19)
Notice that 𝐺max = 𝐺(𝑥−), 𝐺min = 𝐺(𝑥+), and 𝑥− < 𝑥+.
(a)
(1) Let (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸).
(i) If𝐴 < 𝑒, 𝑓 ≤ 𝐸, then 𝑥
−
< 0 < 𝑥
+
which implies
that function𝐺(𝑥) intersects the positive part of
𝑥-axis in one point since 𝐺(0) = −𝐹.
(ii) If 𝐴 < 𝑒, 𝑓 > 𝐸, then 𝑥
−
< 0, 𝑥
+
< 0
which implies that function 𝐺(𝑥) intersects the
positive part of 𝑥-axis in one point since 𝐺(0) =
−𝐹.
(iii) If 𝐴 > 𝑒, 𝑓 = 𝐸, then 𝑥
+
> 𝑥
−
= 0. Using the
fact that 𝐺(𝑥
−
) = 𝐺(0) = −𝐹 we conclude that
(1) has the unique equilibrium point.
(iv) If 𝐴 > 𝑒, 𝑓 < 𝐸, then 𝑥
+
> 0 > 𝑥
−
, since 𝐺(0) =
−𝐹 (1) has the unique positive equilibriumpoint.
(2) Let (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸).
If 𝐴 > 𝑒, 𝑓 > 𝐸, then 𝑥
−
> 0, 𝑥
+
> 0, and there
exists the unique equilibrium point 𝑥 if 𝐺(𝑥
−
) < 0
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x+
x1
x2
−F
(a)
x−x1 x2
−F
(b)
x−
x+
x1
x2
−F
(c)
Figure 4
or 𝐺(𝑥
+
) > 0; that is, 𝐺(𝑥
−
)𝐺(𝑥
+
) > 0 which is
equivalent to
(𝑓 − 𝐸)
2
[4𝑎 (𝑓 − 𝐸) − (𝑒 − 𝐴)
2
]
+ 𝐹 (𝐴 − 𝑒) [4 (𝐴 − 𝑒)
2
− 18𝑎 (𝑓 − 𝐸)]
+ 27𝑎
2
𝐹
2
> 0.
(20)
(3) (i) If (𝐴−𝑒)2 < 3𝑎(𝑓−𝐸),𝐺󸀠(𝑥) > 0,∀𝑥 ∈ (−∞,∞)
which implies that 𝐺(𝑥) is increasing function.
Since 𝐺(0) = −𝐹 < 0 there exists the unique
positive equilibrium point.
(ii) If (𝐴 − 𝑒)2 = 3𝑎(𝑓 − 𝐸) then 𝑥
±
= (𝐴 − 𝑒)/3𝑎
and 𝐺󸀠󸀠(𝑥
±
) = 0 which implies that 𝑥
±
is an
inflection point of 𝐺. Since 𝐺(0) = −𝐹, (1) has
only one positive equilibrium point.
(4) (i) If 𝐴 = 𝑒, 𝑓 ≥ 𝐸, then 𝐺󸀠(𝑥) = 3𝑎𝑥2 + 𝑓 − 𝐸 > 0
and 𝐺(𝑥) is increasing function. Since 𝐺(0) =
−𝐹, there exists only one positive equilibrium
point.
(ii) If 𝐴 = 𝑒, 𝑓 < 𝐸 ⇒ 𝑥
±
= ±√(𝐸 − 𝑓)/3𝑎, and
𝐺(𝑥
+
) < 0 which implies that there exists only
one positive equilibrium point.
(b) If (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸) and 𝐴 > 𝑒, 𝑓 > 𝐸, then both
stationary points 𝑥
±
are positive. If
𝐹 = −
2
27𝑎
2
(𝐴 − 𝑒)
2
⋅ (𝐴 − 𝑒 − √(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓))
−
1
9𝑎
(𝑓 − 𝐸)
⋅ [3 (𝑒 − 𝐴) + 2√(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓)]
(21)
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or
𝐹 = −
2
27𝑎
2
(𝐴 − 𝑒)
2
⋅ (𝐴 − 𝑒 + √(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓))
+
1
9𝑎
(𝑓 − 𝐸)
⋅ [3 (𝐴 − 𝑒) + 2√(𝐴 − 𝑒)
2
+ 3𝑎 (𝐸 − 𝑓)]
(22)
then 𝐺(𝑥
−
) = 0 or 𝐺(𝑥
+
) = 0 and (1) has exactly two
equilibrium points. In the first case 𝑥
2
> 𝑥
1
= 𝑥
−
. In the
second case 𝑥
1
< 𝑥
2
= 𝑥
+
.
(c) If (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸) and 𝐴 > 𝑒, 𝑓 > 𝐸, then both
stationary points 𝑥
±
are positive. If 𝐺(𝑥
−
) > 0 and 𝐺(𝑥
+
) < 0
which is equivalent to
(𝑓 − 𝐸)
2
[4𝑎 (𝑓 − 𝐸) − (𝑒 − 𝐴)
2
]
+ 𝐹 (𝐴 − 𝑒) [4 (𝐴 − 𝑒)
2
− 18𝑎 (𝑓 − 𝐸)]
+ 27𝑎
2
𝐹
2
< 0,
(23)
(1) has exactly three equilibrium points.
See Table 1 for existence of the positive equilibriumpoints
of (1) when 𝐹 > 0.
2.2. Local Stability Analysis. In this section we present the
local stability of equilibrium points of (1) in the case 𝐹 > 0.
Set
𝐻(𝑢, V) =
𝐴𝑢
2
+ 𝐸V + 𝐹
𝑎𝑢
2
+ 𝑒V + 𝑓
. (24)
If 𝑥 denotes an equilibrium point of (1), then the linearized
equation associated with (1) about the equilibrium point 𝑥 is
𝑧
𝑛+1
= 𝑝𝑧
𝑛
− 𝑞𝑧
𝑛−1
, (25)
where
𝑝 = 𝐻
󸀠
𝑢
(𝑥, 𝑥) =
2𝐴𝑥 (𝑒𝑥 + 𝑓) − 2𝑎𝑥 (𝐸𝑥 + 𝐹)
(𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
, (26)
−𝑞 = 𝐻
󸀠
V (𝑥, 𝑥) =
𝐸 (𝑎𝑥
2
+ 𝑓) − 𝑒 (𝐴𝑥
2
+ 𝐹)
(𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
. (27)
Theorem6. Assume that𝐹 > 0 and let𝑀 = (𝐴+𝑒)2+𝑎(𝐸+𝑓).
If any of the conditions
(1) (𝐴 − 𝑒)2 < 3𝑎(𝑓 − 𝐸),
(2) (𝐴−𝑒)2 = 3𝑎(𝑓−𝐸), 𝑒 < 𝐴, and 𝐹 ̸= (1/27𝑎2)(𝐴−𝑒)3,
(3) (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸), 𝐸 > 𝑓,
(4) (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸), 𝐸 ≤ 𝑓, 𝑒 > 𝐴,
(5) (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸), 𝐸 < 𝑓, 𝑒 < 𝐴, and
(𝐸 − 𝑓)
2
(− (𝑒 − 𝐴)
2
− 4𝑎 (𝐸 − 𝑓))
+ 𝐹 (𝐴 − 𝑒) (4 (𝐴 − 𝑒)
2
+ 18𝑎 (𝐸 − 𝑓))
+ 27𝑎
2
𝐹
2
> 0
(28)
is satisfied, then the unique equilibrium point 𝑥 of (1) is
(a) locally asymptotically stable if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀 + 10𝐴
2
𝑒
+ 14𝐴𝑒
2
+ 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹 > 0,
(29)
(b) a nonhyperbolic point if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀 + 10𝐴
2
𝑒
+ 14𝐴𝑒
2
+ 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹 = 0,
(30)
(c) a saddle point if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀 + 10𝐴
2
𝑒
+ 14𝐴𝑒
2
+ 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹 < 0.
(31)
Proof. By using (26) and (27) we get
𝑝 − 1 − 𝑞 =
−3𝑎𝑥
2
+ (2𝐴 − 2𝑒) 𝑥 + 𝐸 − 𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
=
−𝐺
󸀠
(𝑥)
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
,
𝑝 + 1 + 𝑞 =
−𝑎𝑥
2
+ (2𝐴 + 2𝑒) 𝑥 + 𝐸 + 𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
.
(32)
It is clear that 𝑎𝑥2 + 𝑒𝑥 + 𝑓 > 0. If the hypotheses of theorem
are satisfied, function 𝐺 is increasing as it passes through
the unique equilibrium point 𝑥.Therefore 𝐺󸀠(𝑥) > 0 which
implies that 𝑝 − 1 − 𝑞 < 0.
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Table 1: Existence of the positive equilibrium points of (1) when 𝐹 > 0.
(𝐴 − 𝑒)
2
> 3𝑎 (𝑓 − 𝐸) 𝐴 < 𝑒 𝑥 > 𝑥
+
One equilibrium point
(𝐴 − 𝑒)
2
> 3𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒, 𝑓 ≤ 𝐸 𝑥 > 𝑥
+
> 0
(𝐴 − 𝑒)
2
> 3𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒, 𝑓 > 𝐸, 𝑥 > 𝑥
+
, (𝐺(𝑥
−
) < 0)
𝐺 (𝑥
−
) 𝐺 (𝑥
+
) > 0 𝑥 < 𝑥
−
, (𝐺(𝑥
−
) > 0)
(𝐴 − 𝑒)
2
= 3𝑎 (𝑓 − 𝐸) 𝑥 =
𝐴 − 𝑒
3𝑎
(𝐴 − 𝑒)
2
< 3𝑎 (𝑓 − 𝐸) 𝑥 > 0
𝐴 = 𝑒 𝑥 > 0
(𝐴 − 𝑒)
2
> 3𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒, 𝑓 > 𝐸,𝐺 (𝑥
−
) = 0 𝑥
1
= 𝑥
−
, 𝑥
2
> 𝑥
+ Two equilibrium points
(𝐴 − 𝑒)
2
> 3𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒, 𝑓 > 𝐸,𝐺 (𝑥
+
) = 0 𝑥
1
< 𝑥
−
, 𝑥
2
= 𝑥
+
(𝐴 − 𝑒)
2
> 3𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒, 𝑓 > 𝐸,𝐺 (𝑥
−
) > 0,𝐺 (𝑥
+
) < 0 𝑥
1
< 𝑥
−
< 𝑥
2
< 𝑥
+
< 𝑥
3
Three equilibrium points
Next
𝑚
1,2
=
1
𝑎
(𝐴 + 𝑒 ± √(𝐴 + 𝑒)
2
+ 𝑎 (𝐸 + 𝑓)) (33)
are zeros of the quadratic function −𝑎𝑥2 + (2𝐴+2𝑒)𝑥+𝐸+𝑓.
It is clear that𝑚
1
< 0,𝑚
2
> 0.Notice that 𝑝 + 1 + 𝑞 > 0 is
equivalent to 𝑥 < 𝑚
2
which is equivalent to 𝐺(𝑚
2
) > 0.
One can see that 𝐺(𝑚
2
) > 0 if and only if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀 + 10𝐴
2
𝑒
+ 14𝐴𝑒
2
+ 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹 > 0.
(34)
Similarly 𝑝 + 1 + 𝑞 = 0 if 𝑥 = 𝑚
2
which is equivalent to
𝐺(𝑚
2
) = 0. Finally 𝑝+1+𝑞 < 0 if 𝑥 > 𝑚
2
which is equivalent
to 𝐺(𝑚
2
) < 0.The conclusion follows from Theorem 1.1 in
[1].
Theorem 7. If (𝐴 − 𝑒)2 = 3𝑎(𝑓 − 𝐸), 𝑒 < 𝐴, and 𝐹 =
(1/27𝑎
2
)(𝐴 − 𝑒)
3, then the unique positive equilibrium point
𝑥 = (𝐴 − 𝑒)/3𝑎 is nonhyperbolic.
Proof. If we assume that (𝐴 − 𝑒)2 = 3𝑎(𝑓 − 𝐸), then 𝑥
±
=
(𝐴 − 𝑒)/3𝑎. If 𝐹 = (𝐴 − 𝑒)3/27𝑎2 then
𝐺 (𝑥
±
) =
1
27𝑎
2
(−2𝐴
3
+ 6𝐴
2
𝑒 + 2𝑒
3
+ 9𝑎𝑒 (𝐸 − 𝑓)
− 6𝐴𝑒
2
+ 9𝑎𝐴 (𝑓 − 𝐸) − 27𝑎
2
𝐹)
=
1
27𝑎
2
(−2 (𝐴 − 𝑒)
3
+ 9𝑎 (𝐸 − 𝑓) (𝑒 − 𝐴)
− 27𝑎
2
𝐹) =
1
27𝑎
2
((𝐴 − 𝑒)
3
− 27𝑎
2
𝐹) = 0,
(35)
which means that 𝑥 = 𝑥
±
is positive equilibrium point since
𝑒 < 𝐴. For the equilibrium point 𝑥 we have that
𝑝 − 1 − 𝑞 =
−3𝑎𝑥
2
+ (2𝐴 − 2𝑒) 𝑥 + 𝐸 − 𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
=
−𝐺
󸀠
(𝑥)
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
= 0
(36)
which implies that𝑥 is nonhyperbolic equilibriumpoint.
Lemma 8. Let 𝑞 be the partial derivative given by (27). Then
−1 < 𝑞 < 1.
Proof. Inequality 𝑞 < 1 is equivalent to
𝑒 (𝐴𝑥
2
+ 𝐹) − 𝐸 (𝑎𝑥
2
+ 𝑓) < (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
. (37)
Using (10) we have that
𝑒 (𝑎𝑥
3
+ 𝑒𝑥
2
+ 𝑓𝑥 − 𝐸𝑥) − 𝐸 (𝑎𝑥
2
+ 𝑓)
< (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
⇐⇒
− 𝑎
2
𝑥
4
− 𝑎𝑒𝑥
3
− (𝐸 + 2𝑓) 𝑎𝑥
2
− (𝑓 + 𝐸) 𝑒𝑥 − 𝐸𝑓
− 𝑓
2
< 0,
(38)
which is satisfied for all values of parameters.
Inequality 𝑞 > −1 is equivalent to
𝑞 > −1 ⇐⇒
𝑒 (𝐴𝑥
2
+ 𝐹) − 𝐸 (𝑎𝑥
2
+ 𝑓) > − (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
⇐⇒
(10)
𝑒 (𝑎𝑥
3
+ 𝑒𝑥
2
+ 𝑓𝑥 − 𝐸𝑥) − 𝐸𝑎𝑥
2
− 𝐸𝑓
+ (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
> 0 ⇐⇒
𝑒𝑎𝑥
3
+ 𝑒
2
𝑥
2
+ 𝑒𝑓𝑥
+ (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓) (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓 − 𝐸) ⇐⇒
𝑒𝑎𝑥
3
+ 𝑒
2
𝑥
2
+ 𝑒𝑓𝑥
+ (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓) (𝐴𝑥 + 𝐸 +
𝐹
𝑥
− 𝐸) > 0 ⇐⇒
𝑒𝑎𝑥
3
+ 𝑒
2
𝑥
2
+ 𝑒𝑓𝑥 + (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓) (𝐴𝑥 +
𝐹
𝑥
) > 0,
(39)
which is true.
The consequence of Lemma 8 is that 𝑥 cannot be a
repeller.
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Theorem 9. (a) If (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸), 𝐴 > 𝑒, 𝑓 > 𝐸,
and condition (13) is satisfied then (1) has two equilibrium
points 𝑥
1
= 𝑥
−
which is nonhyperbolic and 𝑥
2
which is locally
asymptotically stable.
(b) If (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸), 𝐴 > 𝑒, 𝑓 > 𝐸, and
condition (14) is satisfied then the equilibriumpoint𝑥
1
is locally
asymptotically stable and the equilibrium point 𝑥
2
= 𝑥
+
is
nonhyperbolic.
Proof. (a) In this case the critical points of𝐺(𝑥) are givenwith
(19) which yields
𝐺 (𝑥
−
) =
1
27𝑎
2
(2 (𝐴 − 𝑒)
2
(𝑒 − 𝐴 + 𝛿))
+
1
9𝑎
(𝐸 − 𝑓) (3 (𝑒 − 𝐴) + 2𝛿) − 𝐹,
(40)
where 𝛿 = √(𝐴 − 𝑒)2 − 3𝑎(𝑓 − 𝐸). Using condition (13) we
obtain that 𝐺(𝑥
−
) = 0 which means that 𝑥
−
is an equilibrium
point of (1). Since 𝐺󸀠(𝑥
−
) = 0 we have for the equilibrium
point 𝑥
−
= 𝑥
1
that
𝑝 − 1 − 𝑞 = 0. (41)
So we conclude that the equilibrium point 𝑥
1
= (𝐴 − 𝑒 −
√(𝐴 − 𝑒)
2
− 3𝑎(𝑓 − 𝐸))/3𝑎 is nonhyperbolic.
Using the fact that function𝐺 is increasing when it passes
through the point 𝑥
2
, we conclude that for the equilibrium
point 𝑥
2
𝑝 − 1 − 𝑞 < 0. (42)
Denote the zeros of the function −𝑎𝑥2 + (2𝐴 + 2𝑒)𝑥 + 𝐸 + 𝑓
as𝑚
1,2
:
𝑚
1,2
=
1
𝑎
(𝐴 + 𝑒 ± √(𝐴 + 𝑒)
2
+ 𝑎 (𝐸 + 𝑓)) . (43)
It is clear that𝑚
1
< 0,𝑚
2
> 0.Then 𝑝+1+𝑞 > 0 is equivalent
to 𝑥
2
< 𝑚
2
which is equivalent to 𝐺(𝑚
2
) > 0.
By using (13), one can see that
𝐺 (𝑚
2
) =
1
𝑎
2
(2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀
+ 𝐴𝑒 (10𝐴 + 14𝑒) + 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹)
=
1
𝑎
2
(2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓) + 6𝑒
2
√𝑀
+ 2𝐴
2
(5𝑒 + √𝑀)
+ 𝐴 (14𝑒
2
+ 𝑎 (𝐸 + 3𝑓) + 8𝑒√𝑀) + 2𝑎𝑓√𝑀
−
2
27
(𝐴 − 𝑒)
2
(𝑒 − 𝐴 + 𝛿) −
1
3
𝑎 (𝐸 − 𝑓) (𝑒 − 𝐴)
−
2
9
𝑎𝛿 (𝐸 − 𝑓)) =
1
𝑎
2
(2𝐴
3
+ 6𝑒
3
+
8
3
𝑎𝑒𝐸 + 5𝑎𝑒𝑓
+ 6𝑒
2
√𝑀 + 2𝐴
2
(5𝑒 + √𝑀) + 14𝐴𝑒
2
+ 𝑎𝐴𝐸
+
8
3
𝑎𝐴𝑓 + 8𝐴𝑒√𝑀 + 2𝑎𝑓√𝑀
+
2
27
(𝐴 − 𝑒)
2
(𝐴 − 𝑒 − 𝛿) +
1
3
𝑎𝐴𝐸 +
1
3
𝑎𝑓𝑒
+
2
9
𝑎𝛿 (𝑓 − 𝐸)) > 0,
(44)
where 𝑀 = (𝐴 + 𝑒)2 + 𝑎(𝐸 + 𝑓). Therefore 𝑥
2
is locally
asymptotically stable.
(b) It is clear that 𝑚
2
> 𝑥
+
. Since 𝑥
1
< 𝑥
+
< 𝑚
2
we
conclude that for the equilibrium point 𝑥
1
𝑝 + 1 + 𝑞 > 0,
𝑝 − 1 − 𝑞 < 0,
(45)
which implies that 𝑥
1
is locally asymptotically stable.
We have
𝐺 (𝑥
+
) = −
2
27𝑎
2
(𝐴 − 𝑒)
2
(𝐴 − 𝑒 + 𝛿)
−
1
9𝑎
(𝐸 − 𝑓) [3 (𝐴 − 𝑒) + 2𝛿] − 𝐹.
(46)
Using (14) we get that 𝐺(𝑥
+
) = 0 which means that 𝑥
+
= 𝑥
2
is an equilibrium point of (1).
Since 𝐺󸀠(𝑥
+
) = 0 we have for the equilibrium point 𝑥
2
that
𝑝 − 1 − 𝑞 = 0, (47)
which implies that 𝑥
2
is a nonhyperbolic equilibrium point.
Theorem 10. Assume that 𝐹 > 0 and let𝑀 = (𝐴+𝑒)2 +𝑎(𝐸+
𝑓).
If (𝐴 − 𝑒)2 > 3𝑎(𝑓 − 𝐸), 𝐴 > 𝑒, 𝑓 > 𝐸, and
27𝑎
2
𝐹
2
− (𝐸 − 𝑓)
2
(𝑒 − 𝐴)
2
− 4𝑎 (𝐸 − 𝑓)
3
+ 4𝐹 (𝐴 − 𝑒)
3
+ 18𝑎𝐹 (𝐸 − 𝑓) (𝐴 − 𝑒) < 0
(48)
then (1) has three equilibrium points: 𝑥
1
which is locally
asymptotically stable, 𝑥
2
which is saddle point, and 𝑥
3
which
is
(i) locally asymptotically stable if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀 + 10𝐴
2
𝑒
+ 14𝐴𝑒
2
+ 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹 > 0,
(49)
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(ii) nonhyperbolic if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀 + 10𝐴
2
𝑒
+ 14𝐴𝑒
2
+ 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹 = 0,
(50)
(iii) a saddle point if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓)
+ (6𝑒
2
+ 2𝐴
2
+ 8𝐴𝑒 + 2𝑎𝑓)√𝑀 + 10𝐴
2
𝑒
+ 14𝐴𝑒
2
+ 𝑎𝐴 (𝐸 + 3𝑓) − 𝑎
2
𝐹 < 0.
(51)
Proof. Notice that 𝑥
1
< 𝑥
−
< 𝑥
2
< 𝑥
+
< 𝑥
3
, 𝑥
+
< 𝑚
2
,
where 𝑥
−
, 𝑥
+
, and 𝑚
2
are given by (19) and (33). Based on
the properties of the cubic function we conclude that 𝐺(𝑥) is
increasing as it passes through the point 𝑥
1
which means that
for the equilibrium point 𝑥
1
𝑝 − 1 − 𝑞 < 0. (52)
Furthermore𝐺(𝑥) is decreasing as it passes through the point
𝑥
2
which implies that for the equilibrium point 𝑥
2
𝑝 − 1 − 𝑞 > 0. (53)
The function𝐺(𝑥) is increasing as it passes through the point
𝑥
3
, which implies that for the equilibrium point 𝑥
3
𝑝 − 1 − 𝑞 < 0. (54)
Since 𝑥
1
< 𝑥
2
< 𝑚
2
we have that for the equilibrium points
𝑥
1
and 𝑥
2
𝑝 + 1 + 𝑞 > 0. (55)
So we prove that 𝑥
1
is locally asymptotically stable equilib-
rium point and 𝑥
2
is a saddle point.
Notice that for the equilibrium point 𝑥
3
𝑝 + 1 + 𝑞 > 0
if 𝑥
3
< 𝑚
2
which is equivalent to 𝐺 (𝑚
2
) > 0,
𝑝 + 1 + 𝑞 = 0
if 𝑥
3
= 𝑚
2
which is equivalent to 𝐺 (𝑚
2
) = 0,
𝑝 + 1 + 𝑞 < 0
if 𝑥
3
> 𝑚
2
which is equivalent to 𝐺 (𝑚
2
) < 0.
(56)
Therefore the equilibrium point 𝑥
3
is locally asymptotically
stable if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓) + 6𝑒
2
√𝑀
+ 2𝐴
2
(5𝑒 + √𝑀)
+ 𝐴 (14𝑒
2
+ 𝑎 (𝐸 + 3𝑓) + 8𝑒√𝑀)
+ 𝑎 (−𝑎𝐹 + 2𝑓√𝑀) > 0,
(57)
nonhyperbolic if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓) + 6𝑒
2
√𝑀
+ 2𝐴
2
(5𝑒 + √𝑀)
+ 𝐴 (14𝑒
2
+ 𝑎 (𝐸 + 3𝑓) + 8𝑒√𝑀)
+ 𝑎 (−𝑎𝐹 + 2𝑓√𝑀) = 0,
(58)
and a saddle point if
2𝐴
3
+ 6𝑒
3
+ 𝑎𝑒 (3𝐸 + 5𝑓) + 6𝑒
2
√𝑀
+ 2𝐴
2
(5𝑒 + √𝑀)
+ 𝐴 (14𝑒
2
+ 𝑎 (𝐸 + 3𝑓) + 8𝑒√𝑀)
+ 𝑎 (−𝑎𝐹 + 2𝑓√𝑀) < 0.
(59)
3. Case 𝐹= 0
This section gives complete local stability analysis for all
equilibrium points (up to three) of (1) when 𝐹 = 0. In this
case (1) has always the zero equilibrium.
3.1. Equilibrium Points. Equilibrium points of (1) are the
solutions of the equation
𝑥 =
𝐴𝑥
2
+ 𝐸𝑥
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
(60)
or equivalently
𝑎𝑥
3
+ (𝑒 − 𝐴) 𝑥
2
+ (𝑓 − 𝐸) 𝑥 = 0, (61)
which means that the equilibrium points are 𝑥
0
= 0 and 𝑥
±
=
(𝐴 − 𝑒 ± √(𝑒 − 𝐴)
2
− 4𝑎(𝑓 − 𝐸))/2𝑎.
This implies the following:
(a) If (𝐴 − 𝑒)2 < 4𝑎(𝑓 − 𝐸) or 𝐴 ≤ 𝑒 and 𝑓 = 𝐸 or (𝑒 −
𝐴)
2
= 4𝑎(𝑓 − 𝐸) and 𝐴 ≤ 𝑒, there exists the unique
equilibrium point 𝑥
0
= 0.
(b) If (𝐴 − 𝑒)2 = 4𝑎(𝑓 − 𝐸) and 𝐴 > 𝑒, there exist 𝑥
0
= 0
and the positive equilibrium point 𝑥 = (𝐴 − 𝑒)/2𝑎.
(c) If 𝑓 = 𝐸 and𝐴 > 𝑒, there exist 𝑥
0
= 0 and the positive
equilibrium point 𝑥 = (𝐴 − 𝑒)/𝑎.
(d) If 𝑓 < 𝐸, there exist 𝑥
0
= 0 and the positive equilib-
rium point 𝑥
+
= (𝐴 − 𝑒 +√(𝑒 − 𝐴)
2
− 4𝑎(𝑓 − 𝐸))/2𝑎.
(e) If (𝐴 − 𝑒)2 > 4𝑎(𝑓 − 𝐸) and 𝑓 > 𝐸 and 𝐴 > 𝑒, there
exist 𝑥
0
= 0 and two positive equilibrium points 𝑥
±
=
(𝐴 − 𝑒 ± √(𝑒 − 𝐴)
2
− 4𝑎(𝑓 − 𝐸))/2𝑎.
See Table 2 for all possible cases of existence of equilib-
rium points.
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Table 2: Existence of the equilibrium points of (1) when 𝐹 = 0.
(𝐴 − 𝑒)
2
< 4𝑎 (𝑓 − 𝐸) 𝑥 = 0
One equilibrium point(𝐴 − 𝑒)
2
= 4𝑎 (𝑓 − 𝐸) 𝐴 ≤ 𝑒 𝑥
±
= 𝑥 = 0
(𝐴 − 𝑒)
2
> 4𝑎 (𝑓 − 𝐸) 𝐴 < 𝑒, 𝑓 ≥ 𝐸 𝑥
+
= 𝑥
1
= 0 (𝑥
−
< 0) or 𝑥
±
< 0, 𝑥
1
= 0
𝐴 = 𝑒, 𝑓 ≥ 𝐸 𝑥
1
= 0
(𝐴 − 𝑒)
2
> 4𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒, 𝑓 ≤ 𝐸 𝑥
1
= 𝑥
−
= 0, 𝑥
+
> 0 or 𝑥
−
< 0, 𝑥
1
= 0, 𝑥
+
> 0
Two equilibrium points(𝐴 − 𝑒)
2
> 4𝑎 (𝑓 − 𝐸) 𝐴 < 𝑒, 𝑓 < 𝐸 𝑥
−
< 0, 𝑥
1
= 0, 𝑥
+
> 0
(𝐴 − 𝑒)
2
= 4𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒 𝑥
+
= 𝑥
−
> 0, 𝑥
1
= 0
𝐴 = 𝑒, 𝑓 < 𝐸 𝑥
1
= 0, 𝑥
+
> 0
(𝐴 − 𝑒)
2
> 4𝑎 (𝑓 − 𝐸) 𝐴 > 𝑒, 𝑓 > 𝐸 𝑥
1
= 0, 0 < 𝑥
−
< 𝑥
+
Three equilibrium points
Remark 11. It should be noticed that conditions on existence
of one, two, or three equilibrium points for (1) summarized in
Tables 1 and 2 can be extended to the corresponding results
for the general quadratic fractional difference equation (3).
Indeed, the equilibrium points of (3) satisfy the equilibrium
equation
(𝑎 + 𝑏 + 𝑐) 𝑥
3
+ (𝑑 + 𝑒 − 𝐴 − 𝐵 − 𝐶) 𝑥
2
+ (𝑓 − 𝐷 − 𝐸) 𝑥 − 𝐹 = 0.
(62)
Thus replacing the coefficients 𝑎 with 𝑎 + 𝑏 + 𝑐, 𝑒 with 𝑑 + 𝑒,
𝐴 with 𝐴 + 𝐵 + 𝐶, and 𝐸 with𝐷+ 𝐸 in Tables 1 and 2, we can
obtain the explicit conditions for the existence of one, two,
or three equilibrium points. The complement of the union of
such conditions will give the condition for nonexistence of
equilibrium points.
3.2. Local Stability Analysis. The linearized equation of (1) at
the zero equilibrium is of the form
𝑧
𝑛+1
= 𝑝𝑧
𝑛
+ 𝑞𝑧
𝑛−1
, (63)
where 𝑝 = (𝜕𝐻/𝜕𝑢)(0, 0) = 0 and 𝑞 = (𝜕𝐻/𝜕V)(0, 0) = 𝐸/𝑓,
if we denote 𝑓(𝑢, V) = (𝐴𝑢2 + 𝐸V)/(𝑎𝑢2 + 𝑒V + 𝑓).
Now we have the following result on local stability of the
zero equilibrium (see Theorem 1.1 from [1]).
Proposition 12. The zero equilibrium of (1) is one of the
following:
(a) locally asymptotically stable if 𝐸 < 𝑓,
(b) nonhyperbolic of resonance type (1, −1) if 𝐸 = 𝑓,
(c) repeller if 𝐸 > 𝑓.
The linearized equation of (1) at the positive equilibrium
point is of the form
𝑧
𝑛+1
=
2𝑥 (𝐴 − 𝑎𝑥)
𝐴𝑥 + 𝐸
𝑧
𝑛
+
𝐸 − 𝑒𝑥
𝐴𝑥 + 𝐸
𝑧
𝑛−1
. (64)
Indeed, since
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓 = 𝐴𝑥 + 𝐸 (65)
we have that
𝑝 = 𝐻
󸀠
𝑢
(𝑥, 𝑥)
=
2𝐴𝑥 (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓) − 2𝑎𝑥 (𝐴𝑥
2
+ 𝐸𝑥)
(𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
=
2𝑥 (𝐴 − 𝑎𝑥)
𝐴𝑥 + 𝐸
,
𝑞 = 𝐻
󸀠
V (𝑥, 𝑥) =
𝐸 (𝑎𝑥
2
+ 𝑒𝑥 + 𝑓) − 𝑒𝑥 (𝐴𝑥 + 𝐸)
(𝑎𝑥
2
+ 𝑒𝑥 + 𝑓)
2
=
𝐸 − 𝑒𝑥
𝐴𝑥 + 𝐸
.
(66)
Now we have that
𝑝 + 𝑞 − 1 =
2𝑥 (𝐴 − 𝑎𝑥)
𝐴𝑥 + 𝐸
+
𝐸 − 𝑒𝑥
𝐴𝑥 + 𝐸
− 1
=
𝑥 (𝐴 − 2𝑎𝑥 − 𝑒)
𝐴𝑥 + 𝐸
=
−𝑎𝑥
2
+ 𝑓 − 𝐸
𝐴𝑥 + 𝐸
,
(67)
𝑝 − 𝑞 + 1 =
3𝐴𝑥 + 𝑒𝑥 − 2𝑎𝑥
2
𝐴𝑥 + 𝐸
=
𝑥 (3𝐴 − 2𝑎𝑥 + 𝑒)
𝐴𝑥 + 𝐸
, (68)
𝑞 − 1 =
𝐸 − 𝑒𝑥
𝐴𝑥 + 𝐸
− 1 = −
𝑥 (𝐴 + 𝑒)
𝐴𝑥 + 𝐸
< 0, (69)
𝑞 + 1 =
𝐸 − 𝑒𝑥
𝐴𝑥 + 𝐸
+ 1 =
(𝐴 − 𝑒) 𝑥 + 2𝐸
𝐴𝑥 + 𝐸
, (70)
which shows that 𝑞 < 1.
Theorem 13. (a) If 𝐴 = 𝑒 and 𝐸 > 𝑓, then (1) has two
equilibrium points: 𝑥
0
= 0 which is repeller and 𝑥∗ =
√(𝐸 − 𝑓)/𝑎 which is locally asymptotically stable.
(b) If (𝑒 − 𝐴)2 = 4𝑎(𝑓 − 𝐸) and 𝐴 > 𝑒, then (1) has two
equilibriumpoints:𝑥
0
which is locally asymptotically stable and
𝑥
+
which is nonhyperbolic and locally stable.
(c) If𝐴 > 𝑒 and𝑓 = 𝐸, then (1) has two equilibrium points:
𝑥
0
which is nonhyperbolic and locally stable and 𝑥
∗
= (𝐴−𝑒)/𝑎
which is locally asymptotically stable.
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Proof. (a) In view of Proposition 12 we have that 𝑥
0
is repeller.
It follows from (67) and (70) that for the equilibrium point 𝑥∗
𝑝 + 𝑞 − 1 =
𝑥 (𝐴 − 𝑒 − 2𝑎𝑥)
𝐴𝑥 + 𝐸
= −
2𝑎𝑥
2
𝐴𝑥 + 𝐸
< 0, (71)
𝑞 + 1 =
𝑎𝑥
2
+ 𝑓 − 𝐴𝑥
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
+ 1
=
2𝑎𝑥
2
+ (𝑒 − 𝐴) 𝑥 + 2𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
=
2𝑎𝑥
2
+ 2𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
> 0,
(72)
which shows that 𝑥∗ is locally asymptotically stable.
(b) By assumption we have that 𝐸 < 𝑓. Because of that 𝑥
0
is locally asymptotically stable (see Proposition 12(a)).
For the equilibrium point 𝑥
+
= (𝐴−𝑒)/2𝑎we obtain from
(67) and (70) that
𝑝 + 𝑞 − 1 =
(𝐴 − 𝑒) 𝑥 − 2𝑎𝑥
2
𝐴𝑥 + 𝐸
=
(𝐴 − 𝑒) 𝑥 − 2𝑎𝑥 ((𝐴 − 𝑒) /2𝑎)
𝐴𝑥 + 𝐸
= 0
(73)
and 𝑞 > −1.
The proof follows fromTheorem 1.1 [1].
(c) Since 𝑓 = 𝐸 the zero equilibrium is nonhyperbolic
and locally stable (see Proposition 12(b)). For the equilibrium
point 𝑥
∗
= (𝐴 − 𝑒)/𝑎 we have that
𝑝 + 𝑞 − 1 =
𝑥 (𝑒 − 𝐴)
𝐴𝑥 + 𝐸
= −
𝑎𝑥
2
𝐴𝑥 + 𝐸
< 0 (74)
which by (72) implies 𝑞 + 1 > 0. This means that the
equilibrium point 𝑥
∗
is locally asymptotically stable.
Theorem14. Assume that𝑓 < 𝐸.Then (1) has two equilibrium
points 𝑥
0
which is repeller and 𝑥
+
which is one of the following:
(i) If 3𝐴2 + 3𝑒2 + 6𝐴𝑒 > 4𝑎(𝐸 − 𝑓), then 𝑥
+
is locally
asymptotically stable.
(ii) If 3𝐴2+3𝑒2+6𝐴𝑒 = 4𝑎(𝐸−𝑓), then𝑥
+
is nonhyperbolic.
(iii) If 3𝐴2+3𝑒2+6𝐴𝑒 < 4𝑎(𝐸−𝑓), then 𝑥
+
is saddle point.
Proof. Proposition 12 implies that 𝑥
0
is a repeller. Note that
for 𝑥 = 𝑥
+
𝑝 can take values of distinct signs. We have
𝑝 + 𝑞 − 1 =
𝑥 (𝐴 − 𝑒 − 2𝑎𝑥)
𝐴𝑥 + 𝐸
=
𝑥 (𝐴 − 𝑒 − 𝐴 + 𝑒 − √Δ)
𝐴𝑥 + 𝐸
= −
√Δ𝑥
𝐴𝑥 + 𝐸
< 0,
𝑝 − 𝑞 + 1 =
𝑥 (3𝐴 + 𝑒 − 2𝑎𝑥)
𝐴𝑥 + 𝐸
=
𝑥 (2𝐴 + 2𝑒 − √Δ)
𝐴𝑥 + 𝐸
,
𝑞 + 1 =
2𝑎𝑥
2
+ (𝑒 − 𝐴) 𝑥 + 2𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
=
(𝐴 − 𝑒 + √Δ) 𝑥 + (𝑒 − 𝐴) 𝑥 + 2𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
=
𝑥√Δ + 2𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
> 0.
(75)
Since
2𝐴 + 2𝑒 − √Δ > 0 ⇐⇒
4 (𝐴 + 𝑒)
2
> (𝐴 − 𝑒)
2
+ 4𝑎 (𝐸 − 𝑓) ⇐⇒
3𝐴
2
+ 3𝑒
2
+ 6𝐴𝑒 > 4𝑎 (𝐴 − 𝑓)
(76)
the proof follows fromTheorem 1.1 [1].
Theorem 15. Assume that (𝑒 − 𝐴)2 > 4𝑎(𝑓 − 𝐸), 𝑓 > 𝐸, and
𝐴 > 𝑒.Then (1) has three equilibrium points: 𝑥
0
which is locally
asymptotically stable, 𝑥
−
which is a saddle point, and 𝑥
+
which
is locally asymptotically stable.
Proof. For the equilibrium point 𝑥
+
we have
𝑝 + 𝑞 − 1 = −
√Δ𝑥
𝐴𝑥 + 𝐸
< 0,
𝑞 + 1 =
𝑥√Δ + 2𝑓
𝑎𝑥
2
+ 𝑒𝑥 + 𝑓
> 0,
𝑝 − 𝑞 + 1 =
𝑥 (2𝐴 + 2𝑒 − √Δ)
𝐴𝑥 + 𝐸
> 0,
(77)
because
2𝐴 + 2𝑒 > √Δ ⇐⇒
3𝐴
2
+ 3𝑒
2
+ 6𝐴𝑒 + 4𝑎 (𝑓 − 𝐸) > 0
(78)
which is satisfied under assumptions of theorem. It means
that 𝑥
+
is locally asymptotically stable.
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For the equilibrium point 𝑥
−
we have
𝑝 + 𝑞 − 1 =
𝑥√Δ
𝐴𝑥 + 𝐸
> 0,
𝑝 − 𝑞 + 1 =
𝑥 (2𝐴 + 2𝑒 + √Δ)
𝐴𝑥 + 𝐸
> 0,
(79)
which implies that 𝑥
−
is saddle point.
The equilibrium point 𝑥
0
is locally asymptotically stable
by Proposition 12.
4. Global Asymptotic Stability Results
In this sectionwe give some global asymptotic stability results
for some special cases of (1).
Theorem 16. Consider (1), where all coefficients are positive,
subject to the condition
|𝐴 − 𝑎𝑥| (𝑈 + 𝑥) + |𝐸 − 𝑒𝑥|
𝑎𝐿
2
+ 𝑒𝐿 + 𝑓
< 1, (80)
where 𝐿 = min{𝐴, 𝐸, 𝐹}/max{𝑎, 𝑒, 𝑓} and 𝑈 =
max{𝐴, 𝐸, 𝐹}/min{𝑎, 𝑒, 𝑓}, and assume the hypotheses of
Theorem 5(a). Then 𝑥 is globally asymptotically stable.
Proof. In view of Corollary 3 we need to find the lower and
upper bounds for all solutions of (1) for 𝑛 ≥ 1. In this case the
lower and upper bounds for all solutions of (1) for 𝑛 ≥ 1 are
derived as
𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
≤
max {𝐴, 𝐸, 𝐹} (𝑥2
𝑛
+ 𝑥
𝑛−1
+ 1)
min {𝑎, 𝑒, 𝑓} (𝑥2
𝑛
+ 𝑥
𝑛−1
+ 1)
=
max {𝐴, 𝐸, 𝐹}
min {𝑎, 𝑒, 𝑓}
= 𝑈,
𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
≥
min {𝐴, 𝐸, 𝐹} (𝑥2
𝑛
+ 𝑥
𝑛−1
+ 1)
max {𝑎, 𝑒, 𝑓} (𝑥2
𝑛
+ 𝑥
𝑛−1
+ 1)
=
min {𝐴, 𝐸, 𝐹}
max {𝑎, 𝑒, 𝑓}
= 𝐿.
(81)
Theorem 17. Consider (1), where 𝐸 = 0 and all other
coefficients are positive, subject to the condition
|𝐴 − 𝑎𝑥| (𝑈 + 𝑥) + 𝑒𝑥
𝑎𝐿
2
+ 𝑒𝐿 + 𝑓
< 1, (82)
where 𝐿 = 0 and 𝑈 = 𝐴/𝑎 + 𝐹/𝑓 and
(i) (𝐴 − 𝑒)2 > 3𝑎𝑓 and 𝐴 < 𝑒;
(ii) (𝐴−𝑒)2 > 3𝑎𝑓,𝐴 > 𝑒, and 4𝑎𝑓3 −𝑓2(𝑒−𝐴)2 +4𝐹(𝐴−
𝑒)
3
− 18𝑎𝑓𝐹(𝐴 − 𝑒) + 27𝑎
2
𝐹
2
> 0;
(iii) (𝐴 − 𝑒)2 ≤ 3𝑎𝑓.
Then 𝑥 is globally asymptotically stable.
Proof. In this case, lower and upper bounds of all solutions of
(1) are given with
𝐿 = 0 ≤ 𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
=
𝐴𝑥
2
𝑛
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
+
𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
≤
𝐴
𝑎
+
𝐹
𝑓
= 𝑈.
(83)
Now, an application ofTheorem 5 and Corollary 3 completes
the proof.
Theorem 18. Consider (1), where 𝐴 = 0 and all other
coefficients are positive, subject to the condition
𝑎𝑥 (𝑈 + 𝑥) + |𝐸 − 𝑒𝑥| < 𝑓, (84)
where 𝐿 = 0 and𝑈 = max{𝐸, 𝐹}/min{𝑒, 𝑓}. Then 𝑥 is globally
asymptotically stable.
Proof. In this case, in view of Theorem 5(a) part (1), (1)
has the unique equilibrium. Lower and upper bounds of all
solutions of (1) are given with
𝐿 = 0 < 𝑥
𝑛+1
=
𝐸𝑥
𝑛−1
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
≤
𝐸𝑥
𝑛−1
+ 𝐹
𝑒𝑥
𝑛−1
+ 𝑓
≤
max {𝐸, 𝐹} (𝑥
𝑛−1
+ 1)
min {𝑒, 𝑓} (𝑥
𝑛−1
+ 1)
=
max {𝐸, 𝐹}
min {𝑒, 𝑓}
= 𝑈.
(85)
Now, an application of Theorem 5 part (3) and Corollary 3
completes the proof.
Theorem 19. Consider (1), where 𝑓 = 0 and all other
coefficients are positive, subject to the condition
|𝐴 − 𝑎𝑥| (𝑈 + 𝑥) + |𝐸 − 𝑒𝑥|
𝑎𝐿
2
+ 𝑒𝐿
< 1, (86)
where 𝐿 = min{𝐴, 𝐸}/max{𝑎, 𝑒} and 𝑈 = max{𝐴, 𝐸}/
min{𝑎, 𝑒} + 𝐹/(𝑎𝐿2 + 𝑒𝐿). Then 𝑥 is globally asymptotically
stable.
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Proof. In this case, in view of Theorem 5(a) part (1), (1)
has the unique equilibrium. Lower and upper bounds of all
solutions of (1) are given with
𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
≥
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
≥
min {𝐴, 𝐸} (𝑥2
𝑛
+ 𝑥
𝑛−1
)
max {𝑎, 𝑒} (𝑥2
𝑛
+ 𝑥
𝑛−1
)
=
min {𝐴, 𝐸}
max {𝑎, 𝑒}
= 𝐿,
𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
+ 𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
=
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+
𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
≤
max {𝐴, 𝐸}
min {𝑎, 𝑒}
+
𝐹
𝑎𝐿
2
+ 𝑒𝐿
= 𝑈.
(87)
Now, an application of Corollary 3 completes the proof.
Theorem 20. Consider (1), where 𝐹 = 0 and all other
coefficients are positive, subject to the condition
|𝐴 − 𝑎𝑥| (𝑈 + 𝑥) + |𝐸 − 𝑒𝑥| < 𝑓, (88)
where 𝐿 = 0, 𝑈 = max{𝐴, 𝐸}/min{𝑎, 𝑒}, and
(i) (𝐴 − 𝑒)2 > 4𝑎(𝑓 − 𝐸) and 𝐴 < 𝑒, 𝑓 ≥ 𝐸,
(ii) (𝐴 − 𝑒)2 = 4𝑎(𝑓 − 𝐸) and 𝐴 ≤ 𝑒,
(iii) (𝐴 − 𝑒)2 < 4𝑎(𝑓 − 𝐸),
(iv) 𝐴 = 𝑒, 𝐸 ≤ 𝑓.
Then 𝑥 = 0 is globally asymptotically stable.
Proof. In these cases (1) has the unique equilibrium point 𝑥 =
0 and lower and upper bounds of all solutions of (1) are given
with
𝐿 = 0 ≤ 𝑥
𝑛+1
=
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
<
𝐴𝑥
2
𝑛
+ 𝐸𝑥
𝑛−1
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
≤
max {𝐴, 𝐸} (𝑥2
𝑛
+ 𝑥
𝑛−1
)
min {𝑎, 𝑒} (𝑥2
𝑛
+ 𝑥
𝑛−1
)
=
max {𝐴, 𝐸}
min {𝑎, 𝑒}
= 𝑈.
(89)
Now, an application of Corollary 3 completes the proof.
Theorem 21. Consider (1), where 𝐴 = 𝐸 = 0 and all other
coefficients are positive, subject to the condition
𝑎𝑥 (𝑈 + 𝑥) + 𝑒𝑥 < 𝑓, (90)
where 𝐿 = 0 and 𝑈 = 𝐹/𝑓. Then 𝑥 is globally asymptotically
stable.
Proof. In this case (1) has the unique equilibrium. Lower and
upper bounds of all solutions of (1) are given with
𝐿 = 0 ≤ 𝑥
𝑛+1
=
𝐹
𝑎𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
≤
𝐹
𝑓
= 𝑈, (91)
and an application of Corollary 3 completes the proof.
Simpler and more effective global asymptotic stability
results (although less general) can be obtained by applying
Theorems 1.4.5–1.4.8 in [1]. For instance, consider (1), where
𝐴 = 𝐸 = 0 and all other coefficients are positive; that is,
consider the equation
𝑥
𝑛+1
=
𝐹
𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
= 𝐺 (𝑥
𝑛
, 𝑥
𝑛−1
) ,
𝑛 = 0, 1, 2, . . . ,
(92)
where we can assume that 𝑎 = 1. Then the following result
holds.
Theorem 22. Consider (92), subject to the condition
𝐹 ≤ 𝑒𝑓 𝑜𝑟
(𝐹 − 𝑒𝑓)
2
≤ 4𝑓
3
.
(93)
Then 𝑥 is globally asymptotically stable.
Proof. The function
𝐺 (𝑢, V) =
𝐹
𝑢
2
+ 𝑒V + 𝑓 (94)
is decreasing in both arguments and it has an invariant
interval 𝐼 = [0, 𝐹/𝑓] with the property that 𝐺 : 𝐼2 → 𝐼.
Furthermore 𝐼 is also an attracting interval; that is, 𝑥
𝑛
∈ 𝐼,
𝑛 ≥ 1, for every solution {𝑥
𝑛
} of (92). In order to apply
Theorem 1.4.7 in [1] we need to show that the only solution
(𝑚,𝑀) ∈ 𝐼
2 of the system
𝑀 = 𝐺 (𝑚,𝑚) ,
𝑚 = 𝐺 (𝑀,𝑀)
(95)
is the equilibrium solution𝑀 = 𝑚 = 𝑥. System (95) implies
𝑀𝑚
2
+ 𝑓𝑀 = 𝑚𝑀
2
+ 𝑓𝑚 = 𝐹 − 𝑒𝑚𝑀 (96)
and (𝑚 − 𝑀)(𝑀𝑚 − 𝑓) = 0. If 𝑀𝑚 ̸= 𝑓, then 𝑀 = 𝑚. If
𝑀𝑚 = 𝑓, then system (95) gives 𝑓(𝑚 +𝑀) = 𝐹 − 𝑒𝑓, which
is impossible if 𝐹 ≤ 𝑒𝑓. However, if 𝐹 > 𝑒𝑓, then𝑚 and𝑀 are
solutions of the quadratic equation
𝑥
2
−
𝐹 − 𝑒𝑓
𝑓
𝑥 + 𝑓 = 0, (97)
obtained by elimination of 𝑀 from system (95). Equation
𝑥
2
− ((𝐹 − 𝑒𝑓)/𝑓)𝑥 + 𝑓 = 0 has no two real solutions if its
discriminant (𝐹 − 𝑒𝑓)2 − 4𝑓3 is nonpositive.
Another special case of (1) which exhibits the global
asymptotic stability of the unique equilibrium is the following
equation:
𝑥
𝑛+1
=
𝑥
2
𝑛
𝑥
2
𝑛
+ 𝑒𝑥
𝑛−1
+ 𝑓
= 𝐻 (𝑥
𝑛
, 𝑥
𝑛−1
) ,
𝑛 = 0, 1, 2, . . . ,
(98)
where we can assume that 𝑎 = 𝐴 = 1.
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Theorem 23. Consider (98), subject to the condition
𝑒 ≥ 1. (99)
Then 𝑥 = 0 is globally asymptotically stable.
Proof. The function
𝐻(𝑢, V) =
𝑢
2
𝑢
2
+ 𝑒V + 𝑓
(100)
is increasing in 𝑢 and decreasing in V and it has an invariant
interval 𝐼 = [0, 1] with the property that 𝐻 : 𝐼2 → 𝐼.
Furthermore 𝐼 is also an attracting interval; that is, 𝑥
𝑛
∈ 𝐼,
𝑛 ≥ 1, for every solution {𝑥
𝑛
} of (98). Equation (98) has only
the zero equilibrium under the condition (99). Indeed the
equilibrium solutions of (98) satisfy 𝑥(𝑥2 + (𝑒 − 1)𝑥 + 𝑓) = 0,
and so there is no positive equilibrium if 𝑒 ≥ 1. In order
to apply Theorem 1.4.5 in [1] we need to show that the only
solution (𝑚,𝑀) ∈ 𝐼2 of the system
𝑀 = 𝐻(𝑀,𝑚) ,
𝑚 = 𝐻 (𝑚,𝑀)
(101)
is the equilibrium solution𝑀 = 𝑚 = 0. System (95) implies
𝑒𝑚 = 𝑀 −𝑀
2
− 𝑓,
𝑒𝑀 = 𝑚 − 𝑚
2
− 𝑓,
(102)
and (𝑚 − 𝑀)(𝑒 + 1 − 𝑀 − 𝑚) = 0. If𝑀 + 𝑚 ̸= 𝑒 + 1, then
𝑀 = 𝑚. If𝑀 + 𝑚 = 𝑒 + 1, then system (101) implies that 𝑚
and𝑀 are solutions of the quadratic equation
𝑥
2
− (𝑒 + 1) 𝑥 + 𝑓 + 𝑒 (𝑒 + 1) = 0, (103)
obtained by elimination of 𝑀 from system (101). Equation
𝑥
2
− (𝑒 + 1)𝑥 + 𝑓 + 𝑒(𝑒 + 1) = 0 has no two real solutions
if its discriminant (𝑒 + 1)(1 − 3𝑒) − 4𝑓 is nonpositive, which
is true if (99) holds.
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